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1. Introduction 
 

Regarding an MET conducted at six locations over two years, Immer et al. (1934) 

asserted that  

 

“insofar as these six stations constitute a random sample of conditions to be found 

over the entire state and that these 2 years are a random sample of weather 

conditions to be encountered in future years, general recommendations may be 

drawn up for the entire state with reasonable assurance that the variety or 

varieties recommended will prove to be consistently superior in most places of the 

state and in most years.”  
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Yates and Cochran (1938):  

 

“Any experimental programme which is instituted to assess the value of any 

particular treatment or practice or to determine the optimal amount of such 

treatment should therefore be so designed that it is capable of furnishing an 

accurate and unbiased estimate of the average response to this treatment in the 

various combinations of circumstances in which the treatment will subsequently 

be applied. The simplest and indeed the only certain way of ensuring that this 

condition shall be fulfilled is to choose fields on which the experiments are to be 

conducted by random selection from all fields which are to be covered by the 

subsequent recommendations.”  
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Yates and Cochran (1938) go on to acknowledge that  

 

“it is usually impossible to secure a set of sites selected entirely at random. An 

attempt can be made to see that the sites actually used are a “representative” 

selection, but averages of the responses from such a collection of sites cannot be 

accepted with the same certainty as would the averages from a random 

collection.”  
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 MET are routinely analysed using linear mixed models.  

 

 A key step in the use of such models is to decide for each factor whether it is to 

be regarded as fixed or random.  

 

 Once the status of each factor as either fixed or random has been established, 

one may use the convention that if an effect involves at least one random factor, 

it should be modelled as random (Nelder 1977).  

 

 Hence, if environment is considered as a random factor, it follows that variety  

environment interactions are to be modelled as a random effect. 
 



 

Working Seminar, Slupia Wielka, 11 September 2025                                                                                      Hans-Peter Piepho 
 

9 

Immer et al. (1934):  

 

“Unless the mean square for varieties exceeds significantly the mean square for 

interaction of varieties  stations no general recommendations can be made for 

the entire state. In like manner, unless the variety mean square exceeds 

significantly the mean square for varieties × years, we have no assurance that the 

varieties recommended will consistently prove superior in subsequent years.” 
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Fisher (1935, Section 65):  

 

“In fact, if our concern is to ascertain not merely the best variety on the aggregate 

of the (...) fields actually used, but to ascertain which is the best over the whole 

area deemed suitable for this type of crop, within the region from which the sites 

of the experiment have been selected, the comparison between varieties V and 

interaction of varieties and places VP will be the more appropriate. For if the (…) 

sites have been chosen at random from this area, a significant difference in this 

comparison would indicate, at the level of significance used, varietal differences 

applicable to the whole area.” 
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Yates and Cochran (1938) assert that  

 

“in the ideal case where the chosen places are a strictly random selection from all 

possible places (…) it would appear to be legitimate (…) to compare the mean 

square for varieties with that for varieties  places …”
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2. ANOVA models 
 

 ijjiij EE    (1) 
 
 = genotype (fixed) 
 
E = environment (random) 
 
 

       ijkikijjkkjiijk LYYLLYYL    (2) 
 
L = location (random) 
 
Y = year (random) 
 

(Greek letters: fixed factors; Latin letters: random factors) 
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Difference of two varieties i and h in a given location j and year k: 
 

           hjkijkhkikhjijhihjkijk LYLYYYLL    (3) 
 
 
Expected value of a variety difference in the TPE: 
 
  hihjkijkE    (4) 

 
 
If all random effects are independently and identically distributed (i.i.d.), we find  
 
  5.00  hjkijkP   in a randomly selected environment if 0 hi   

 (Eskridge & Mumm 1992).  
 
 rationale for recommending the variety with the largest mean across  

    environments for the whole TPE  fine from breeder’s perspective  
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In the best-case scenario, the farmer’s location is identical to one of the trial 
locations: 
 
     hjijhihjkijk LLjE      (5) 

 
 
  5.00  jP hjkijk      if         0 hjijhi LL    

 
 
 a farmer only needs to identify the variety with the largest long-term mean at  

    his or her location.  

 

But: farmer’s location  trial locations (even the “closest” one) 

 
    The key question then is how to best estimate this mean 
 



 

Working Seminar, Slupia Wielka, 11 September 2025                                                                                      Hans-Peter Piepho 
 

16 

Option 1: Long-term mean at j-th location 
 

     









KK
LL LYY

hjijhi

22

2ˆˆˆˆvar  
 

(6)
 

 
K = number of years 
 
 
 

 
Option 2: Means in the whole TPE 
 

  









JKKJ
LYYL

hi

222

2ˆˆvar  
 

(7)
 

 
J = number of locations 
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Option 2 cont’d: For farmer at j-th location, there is also a bias 
 
Expected deviation between the ih-th estimated variety difference in the TPE and 

the ih-th expected variety difference at the j-th location:  

 
   hjijihj LLedev    (8) 

 
Assuming that location j is a random draw from the TPE, we have  
 
  22 2 LihjedevE   (9) 

 
Hence, the mean squared error of a difference (MSED) is  
 

    2
222

2 22ˆˆvar L
LYYL

ihjhi
TPE
ihj JKKJ

edevEMSED 
  










 
(10)
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Comparison between Option 1 and Option 2 
 
 
Option 2 is preferable when 
 

   2122
22222

11222 LLYL
LYYLLYY JJK

JKKJKK 
  



















 (11) 
 
If the number of locations J is large, Option 2 is better if: 
 

22
LLY K     

 
Single-year data (K = 1): 
 

22
LLY      
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Heroic assumption so far:  
 
farmer’s location = j-th location  
 
 
More realistic assumption: 
 
farmer’s location  j-th location  
 
Worst-case scenario: j-th location and farm are random draw from the TPE: 
 

     2
22

2 424ˆˆˆˆvar L
LYY

Lhjijhi
farm

ihj KK
LLMSED 


  










 
(12)

 

 
 

TPE
ihj

farm
ihj MSEDMSED   always 

 
Best-case scenario: Farmer can identify most similar location in trial network 
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Best-case scenario: Farmer can identify most similar location in trial network 
 
 

         2
22

2 2ˆˆˆˆvar L
LYY

Lhjijhi
farm

ihj JC
KK

JCLLMSED 


  









 
(13)

 
where   04  JC   with   41 C  
 
 
Simulation: 
 

 Generate i.i.d. interactions  L  from a standard normal distribution for J 
locations and a farm 0j  for two varieties i and h  

 Identify the smallest value of         200 hihjij LLLL    among all 

locations  Jj ,...,2,1  in each simulation run 
 Average over runs to estimate  JC   
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Figure 1: Simulated value of C(J) for J = 1,…, 10 based on 100,000 simulations 
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Observations: 
 

 
   41 C  

 potentially the bias can drop quite quickly with increasing J 

 But we need to acknowledge that identification of the most similar trial location 

may not be easy for a farmer, especially when J is large 

 Assessment assumes that only a single trait is under consideration, whereas 

variety choice is based on a wider array of traits in practice 

 Assessment looks at just a single pair of varieties, whereas many pairs need to 

be looked at the select the best  

 eq. (13) just a lower bound on farm
ihjMSED  that can be realized in practice 
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(L)i0 

− (L)ij  
   + (L)i0 
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Prediction for a new year 
 
Prediction of a difference between i-th and h-th variety at the farm in a new year 
 
 add the variance  222 LYY     to the MSED  
 
This amount is the same for both types of mean (TPE vs. j-th location) 
 
 no bearing on their relative merits 
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Two important general conclusions 
 

(1) For a farmer the estimated variety mean in the TPE is likely to provide a more 

reliable basis for variety recommendations than the variety mean at the trial 

location considered to be most similar to the farmer’s location 

 

(2) Can judge the relative merits of TPE means versus location means via the 

MSED because environments (locations, years) are modelled as random 

 
 

By comparison, when environment is a fixed factor: 
 
 Can only estimate     iii   
 Cannot extrapolate to whole TPE 
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3. Random genotypic effects as an option 
 
Two good reasons to model genotypes as random: 
 
 
(1) Want to do genomic prediction (GBLUP) 

(Bernardo 1994; Meuwissen et al. 2001) 
 
(2) Want to borrow strength across zones  

(Atlin et al. 2000) 
 
 
Bottom line: 
Random genotypes is an option 

Random environments is a must 
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Random-effects model 
 

       ijkikijjkkjiijk aLYaYaLLYYLa    (i) 
 
a  = random genotype 

L  = random location 

Y  = random year 

 

Long-term mean of the i-th genotype at the j-th location: 

 

 ijjiij aLLa    
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General form of estimator 
 

     hjijaLhiahjij yySyyS ˆˆ   (ii) 
 
yijk = observed mean of the i-th genotype at the j-th location in the k-th year 
 
 
Special cases: 
 
(1) Sa = 0 & SaL = 1  ijy  = BLUE of ij when genotype and location are fixed  
 
(2) Sa = 1 & SaL = 0  iy  = BLUE of TPE mean when genotype is fixed  
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Best linear unbiased prediction 
 
 
 

     hjijaLhiahjij yySyyS ˆˆ  (ii) 
 
 
BLUP:  
 








 



 2

22

2222

2

1
a

aYa
aL

aLYaYaLa

a
a K

KS
JKJK

JKS






    
(iii)

 
 

a
aLYaL

aL
aL K

KS





 2

2

 
(iv)
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Re-write estimator  
 

     hjijaLhiahjij yySyyS ˆˆ  (ii) 
 
 index computed from the genotype means in the TPE and at the j-th location:  
 
 

  ijaLia ySyS  
 
 analogous to the selection index combining family means and line-within-family  
    means in plant breeding (Lush, 1947a,b; Piepho and Williams, 2006) 
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Re-write estimator (2) 
 

   


 



jj

jhji
a

hjij
aLa

hjij yy
J
Syy

J
JSS ˆˆ

 
(v)

 
 
 estimator for j-th location borrows information from other locations j’ j  
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Mean squared error of a difference 
 

   

      221
2

21
2

2
2

2
2

2
2

22

14214

12212

aLaLY
a

aLY
aLa

aL
a

aL
aLa

aY
aLa

aaLa
farm

ihj

JCK
J
SJK

J
JSS

J
SJ

J
JSS

K
SSSSMSED


















 













 









 
  BLUP outperforms BLUE for j-th location mean  
 
But: C(J) does not go away  

 Unless farmer can make C(J) small: better use TPE mean 

 
Key issue: 
 

4 interaction effects (aL) from farm to j-th location 
2 interaction effects (aL) from farm to TPE mean 
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Idealized scenario 
 
 + i and ij known without error ( no estimator needed!) 
 

22 L
TPE
ihjMSED    

  2
L

farm
ihj JCMSED  , where   40  JC   

 
 
 farmer better off using the TPE mean  iy  unless manages   2JC   
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(Piepho, 2022) 



 

Working Seminar, Slupia Wielka, 11 September 2025                                                                                      Hans-Peter Piepho 
 

37 

Two types of models using environmental covariates (EC) 
 
 
(1) Stratification of environments into environmental types (ET) 
                                                (Bustos-Korts et al. 2022) 
 
 
(2) Regression models with EC: 
 
       - Factorial regression (Denis 1980) 
 
       - Extended Finlay-Wilkinson regression  
                                             (Piepho & Blancon 2023) 
 
       - Environmental kinship (Jarcquin et al. 2014) 

Increasing 
Complexity 
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Regression on latent environmental covariates 
 
 
Mostly, I will not factor environments by years and locations for simplicity 
 
But it is understood that such factorization is usually needed for a full analysis 
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Part I 
 
 
 
 
Origin in Finlay-Wilkinson regression
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1. Finlay-Wilkinson regression 
 
 
 
 
 
 
 
 
 
 
 
 
          

    Environmental mean 

Yield 

Mean of all 
Genotypes  
(i = 1) 

Low input 
(i < 1) 

High input 
(i > 1) 
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Simple regression 
 

ijjiiij dx      
 
ij = expected performance of the i-th genotype in the j-th environment  
 
i and i = intercept and slope for the i-th genotype  
  
xj = observable covariate for the j-th environment 
 
dij = random deviation from regression line 
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Finlay-Wilkinson regression 
 

ijjiiij dy      
 
ij = expected performance of the i-th genotype in the j-th environment  
 
i and i = intercept and slope for the i-th genotype; constraint: 1   
  

jy = sample mean of observed responses (!) yij in j-th environment 
 
dij = random deviation from regression line 
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Finlay-Wilkinson regression 
 

ijjiiij dw      
 
ij = expected performance of the i-th genotype in the j-th environment  
 
i and i = intercept and slope for the i-th genotype; constraint: 1  
  
wj = latent effect of the j-th environment;  2,0~ wj Nw    
 
dij = random deviation from regression line 
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Finlay-Wilkinson regression 
 

ijjiiij dw     (16)  
 
ij = expected performance of the i-th genotype in the j-th environment  
 
i and i = intercept and slope for the i-th genotype  
  
wj = latent effect of the j-th environment; constraint:  1,0~ Nw j   
 
dij = random deviation from regression line 
 

(Patterson & Nabugoomu 1992; Gogel 1995) 
 



 

Working Seminar, Slupia Wielka, 11 September 2025                                                                                      Hans-Peter Piepho 
 

45 

Finlay-Wilkinson regression: variance-covariance structure 
 
Assuming random environments: 
 

   j
T

j dvarvar    (17)  
 
where  
 

 TIjjjj  ,...,, 21  
 

 TI ,...,, 21   
 

 TIjjjj dddd ,...,, 21  
 

 This is recognized as a factor-analytic (FA) model of order one  
 This variance-covariance structure can be fit using REML 
 Reduced-rank approximation of unstructured variance-covariance structure 
 More realistic variances and covariances than ANOVA-type models  

(Jennrich & Schluchter 1986; Piepho 1997) 
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Eberhart-Russell regression 
 

 






















2

2
2

2
1

var

dI

d

d

jd







 

 
 

2
di  = stability variance of i-th genotype 

(Eberhart & Russell 1966; Piepho 1997) 
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Prediction 
 
 
wj unknown for new environment  model does not really help 
 
 
Still can only estimate mean and difference in TPE: 
 
  iijE      and      hihjijE    

 
 
Can quantify uncertainty based on 
 

   j
T

j dvarvar    (17) 
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Hitchhiker’s Guide to the Galaxy 
 
Ford Prefect & Arthur Dent, stranded on prehistoric Earth and trying to get out: 

 

Arthur Dent and Ford Prefect know exactly where they don’t want to be. They 

don’t want to be stranded on prehistoric Earth with a load of unwanted telephone 

sanitizers and advertising executives who have been thrown off their home planet 

of Golgafrincham, a world which has subsequently been wiped out by a 

particularly virulent disease contracted from an unexpectedly dirty telephone. 

Unfortunately that is precisely where they are. But fortunately they have found a 

way of coping with their predicament: they are drunk.  

. . . . . 
 
ARTHUR: Have you got an answer?  
 

FORD: No, but I’ve got a different name for the problem! 
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2. Finlay-Wilkinson regression with intercepts for environments 
 

ijjijij dwE    (18) 
 
Ej = random intercept for j-th environment 
 
Constraint: E(wj) = 1 
 
 

 
Example: Heading dates in perennial ryegrass (Lolium perenne) 
 
 DUS (distinctness, uniformity and stability) trials for cultivar registration 

 I = 113 genotypes 

 J = 7 years 

 Balanced data  

 Heading dates (number of days after April 1) 
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Fig.: Plot of observations yij vs. 
genotype means for years for 
heading dates in Lolium. 
(Piepho et al. 1998) 
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Effects (BLUPs): 
 
 Year Ej wj 
 
 1990 14.50 1.201 
 1991 3.78 1.025 
 1992 10.15 0.824  
 1993 5.74 1.023  
 1994 1.97 0.986  
 1995 8.28 1.112  
 1996 16.55 0.830  
 
   (s.e.)           (4.168) (0.0537) 
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Adding an overall intercept 
 

ijjijij dwE    (19) 
 
  0E jE  

E(wj) = 1 
 
  iiijE    

 
The variance-covariance matrix for the j-th environment: 
  

   jw
T

Ej dJ varvar 22     (20) 
 
 quadratic function of mean i !  
 

    22222 2var diwiiEij    
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Figure: Plot of sample variance 
vs. sample mean across years 
for heading dates in Lolium. 
(Piepho et al. 1998) 
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Fitting this model 
 
 Can not fit by REML because i appears both in the mean and the variance 

 
 Use full ML or approximate methods for nonlinear mixed models 
 
 I do not think anybody has used this model after my publications  

 
 

                                                                      (Piepho et al. 1998; Piepho 1999) 
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3. Latent regression with intercepts for genotypes and environments 
 
 

ijjijiij dwE    (21) 
 
  0jwE   (!)     1var jw  
  iijE    

 
 
 mixed model version of Additive Main effects Multiplicative Interaction (AMMI) 

 slope i  not involved in expectation 

 this is a linear mixed model 

 can use REML  

 (Piepho 1997) 
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4. Changes when genotypes are random and environments are fixed  
 
 Replace Ej with j  

 Swap subscripts of letters used for effects in the multiplicative term 

 

ijjijij dw    (22) 
                                          Constraint:   1var iw  
 
j = fixed intercept for the j-th environment 

j = fixed slope for the j-th environment 

(Piepho 1998a; Smith et al. 2001) 
 

Important:  
 
 ijjijij dwE    (18) 
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Genotype mean 
 

  iii dw   (23) 
 

iw  = generalized main effect 

 measure of overall performance (OP)  

(Smith & Cullis 2018; Tolhurst et al. 2022) 
 
 The genotype mean in (23) is conditional on set of environments in MET  only 

applies to the specific set of environments included in the trials  
 
 For prediction of a new environment, might consider estimate of i  in (23)  
 
 But can’t assess the uncertainty of this prediction because the loading j  for 

the new environment is unknown and it is a fixed effect 
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Adding a random genotypic main effect 
 

ijjijiij dwa    (24) 
 
ai = random intercept of i-th genotype 
 
 
Genotype mean:  

  iiii dwa   

 
Genotype difference:  

     hihihi wwaa  
 
 same inferential limitation as before 

 genotypic main effect ai cannot be used for selection 
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5. Changes when both genotypes and environments are random 
 

ijjiiij dw     (16)  
 

 2,~   Ni     ,     2,~ wwj Nw    
 
 ij is not normal! 
 
 
 Bayesian methods 

 iterative method of Nabugoomu et al. (1999)  

 A two-stage approach: (i) take genotypes as fixed to estimate i and i 

              (ii) fit bivariate model 




































2

2

,~


















BVN
i

i
 (25) 
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Including marker information 
 
Fit variance-covariance structure 
 

































K

I

I


1

1

var
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6. Extensions to allow for more than one latent environmental factor 
 
 The factor-analytic model can be extended >1 latent environmental factor 

 
 Need to impose additional identifiability constraints on the loadings 1, 2, …  

 
 For details see 

 
Jennrich & Schluchter (1986), Piepho (1998a), Smith et al. (2001), Meyer (2009) 
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7. Extensions factoring environments by locations and years 
 
Nabugoomu et al. (1999): 
 

  ijkjkiikkiijk dvYY    (26) 
 
 
Piepho & van Eeuwijk (2002) 
 
 fitted terms jkiji vw  
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8. Including observable environmental covariates 
 
Hardwick & Wood (1972), Guo et al. (2021), Piepho & Blancon (2023)  
 

pjpjjj xxxw   ...2211  (27) 
 
m (m = 1, 2,…, p) = regression coefficients 

xmj = value of m-th observable covariate at j-th location 
 
 can make specific predictions for unseen environments 
 
 
Two types of covariates:   (i) location-specific, constant over years 

 (ii) location-specific, varying over years 

 
 Need to model distribution of year-varying covariates to assess uncertainty 
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Two types of models using environmental covariates (EC) 
 
 
(1) Stratification of environments into environmental types (ET)  
                                                (Bustos-Korts et al. 2022) 
 
 
(2) Regression models with EC: 
 
       - Factorial regression (Denis 1980) 
 
       - Extended Finlay-Wilkinson regression  
                                             (Piepho & Blancon 2023) 
 
       - Environmental kinship (Jarcquin et al. 2014) 

Increasing 
Complexity 
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Summary 
 
(1) Environments should be modelled as random  inference for TPE 
 
(2) For genotypes, fixed or random both are feasible options 
 
(3) The most basic mixed model is a three-way ANOVA model 
 
(4) Finlay-Wilkinson (FW) regression can be regarded as a regression on latent  
     environmental variable wj 
 
(5) If wj is modelled as random, FW regression induces a factor-analytic variance-
covariance structure (FA) 
 
(6) There are several variations of FA models 
 
(7) When environments are modelled as fixed, FA models suffer from the same 
inferential limitations as simple ANOVA models 
 
(8) The way forward is to model wj using observable environmental covariates 
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Part II 
 
Extending Finlay-Wilkinson regression using observable 
environmental covariates 
 
 
 
Regression models with EC: 
 
       - Factorial regression (Denis 1980) 
 
       - Extended Finlay-Wilkinson regression  
                                             (Piepho & Blancon 2023) 
 
       - Environmental kinship (Jarcquin et al. 2014) 
 

 

 

Increasing 
Complexity 
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Three issues 
 

(1) How are these models related? 

(2) We need to factor environments by locations and years 

(3) Uncertainty in covariates is the main problem in predictions 

 

 (Piepho et al. 2024) 
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Factorial regression 
 

jpipjijiiij xxx   ...2211  
 
where  
 
ij  = expected response for the i-th genotype (i = 1, …, I)  
                                         in the j-th environment (j = 1, …, J) 
 
i  = intercept for the i-th genotype 
 
ik  = slope for the k-th environmental covariate (EC) for the i-th genotype  
 
xjk  = value of the k-th covariate (k = 1, …, p) for the j-th environment 
 

(Denis, 1988; Piepho & Blancon, 2023) 
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Full model for observed data 
 

 

ijjijij euy    
 
where  
 
yij  = observed mean for the i-th genotype in the j-th environment  
 
uj  = random main effect for j-th environment 
 
eij  = random residual  
 

 
 
 u and e will later be factored by years and locations  
 
 

 



 

Working Seminar, Slupia Wielka, 11 September 2025                                                                                      Hans-Peter Piepho 
 

70 

Now take genotypes as random 
 

ii a   
 

ikkik c   
 

        jpippjijiiij xcxcxca    ...222111   , 
 
where 
 





























,

0
0

~
pi

i N
c
a

  

 
 Tipii ccc ,...,1   
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Rearranging terms: 
 

   jijij xgxf   

 
 
The fixed-effects part:  
 
  jppjjj xxxxf    ...2211  

 
 mean regression across genotypes 
 
 
The random part: 
 
  jpipjijiiji xcxcxcaxg  ...2211    

 
 random deviation of the i-th genotype from the mean regression f(xj) 
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Including the random environmental main effect uj 
 
 
The full model for yij as a mixed main effect for environments: 
 
 

jjppjjj uxxx    ...2211    
 
 
 the random effect uj acts as a random deviation from the mean regression f(xj)  
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Specifications for the variance-covariance structure for ij 
 
Collect responses ij for the i-th genotype into a vector i = (i1, …, iJ)T: 
 
 

   iiJi cXa    1  
 
 
where J = number of environments, 1J = a J-vector of ones, 
 

 






















JpJJ

p

p

jk

xxx

xxx
xxx

xX







21

22221

11211

 
,
 

 
 = (1, …, p)T 
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Distribution of i 
 
 

  ,1~   XN Ji  
 
where 
 

   TJJ XX 11   
 
 
 
 3 different choices for  in 
 





























,

0
0

~
pi

i N
c
a
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(i) Unstructured model for  
 
 random coefficients regression 
 translational invariance (Longford, 1993; Buntaran et al., 2021) 
 We may denote this approach in our context as random FR 
 
 
(ii) The kinship approach  
 











 2

2

0
0








pI                                   (Jarquin et al., 2014)   

 
 not translationally invariant 
 more parsimonious than random FR  
 regularization argument, implies ridge regression (Ruppert et al., 2003, p.66)  
 

2211   TT
J XX   
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The variance-covariance structure for i under the kinship approach: 
 

2211   TT
J XX   

 
KE = XXT = kinship matrix for environments 
 
 
 Standardizing the columns of X to zero mean and unit variance makes the  
     kinship approach unique and ensures that each EC has equal influence on the  
     regression, but does not resolve the lack of translational invariance issue 
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The model can be re-written in scalar form as 
 
 

ijijppjjij waxxx    ...2211  
 
 
where  
 

 2,0~ Nai   
 
is a genotype main effect and  
 

   2
21 ,0~,...,, E

T
iJiii KNwwww   

 
is the vector of interactions for the i-th genotype. 
 
 
Note: The mean regression involving  is often omitted (p > J!) 
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(iii) Reduced rank regression (RRR)  
 
 

T  
 
 
where  is a J  q matrix of factor loadings for q factors and J environments 
 
 not translationally invariant 
 but can be good approximation to unstructured model 
 

(Buntaran et al., 2021; Tolhurst et al., 2022) 
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Can use the partition 
 



































q

TT

I




 
0

01
   

 
where  
 

    Tq  ,...,1   
 
is a q-vector of loadings pertaining to the intercept and  
 

  kh    qh ,...,1   
 
is the p  q sub-matrix of  pertaining to the slopes 
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Key step 
 

i
i

i v
c
a









           

where  qqi INv ,0~ .  

 
After some re-arrangement we find  
 

i
T

i va    

ii vc   

iii ZvvXXc    
  iiJi ZvXa    1   

 
where    XzZ jh  with 
 

      jpphjhjhjh xxxz    ...2211     
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Synthetic covariate 
 

      jpphjhjhjh xxxz    ...2211  
 
is the value of the h-th synthetic environmental covariate (SC) for the j-th 
environment (Piepho & Blancon, 2023). 
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Also note that  
 

T

q

TT

i

i

Iv
a



















 ~~var







 

 
with 
 

 q
T I~  

 
and 
  

   TJ
T

J ZZ 1~~1   
 
 reduced rank regression using the synthetic covariates Z  
 
 two-stage approach to fit RRR for observable covariates X 
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Extended Finlay-Wilkinson regression: Piepho and Blancon (2023) suggested 
to obtain the synthetic covariates with ai taken as fixed and assuming  
 

  T
ic  var  

 
From the fitted matrix  one can then compute the SC using  
 
Z = X  
 
Subsequently, the model 
 

iiJi Z 1  
 
can be fitted, where  
 
i = fixed intercept and     Tqiii  ,...,1  = fixed regression coefficients  
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Adding in kinship for genotypes 
 
 
The model for the environmental kinship  
 
 

ijijppjjij waxxx    ...2211  
 
 
where  
 

 2,0~ Nai   
 
is a genotype main effect and  
 

   2
21 ,0~,...,, E

T
iJiii KNwwww   
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Vector of all interaction effects: 
 

 TT
I

TT wwww ,...,, 21  
 
 
Assumption so far: 
 

 2,0~ EIIJ KINw   
 
 
Alternative assumption: 
 

 2,0~ EGIJ KKNw   
 
where KG = genomic kinship matrix 
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Similarly, for the genotype main effect  
 
 

 TIaaaa ,...,, 21   
 
 
we may assume 
 
 

 2,0~ GI KNa    
 
 
 
The random FR and RRR approaches can be similarly modified. 
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Using regression models for predictions into new environments 
 
The values of EC may not be known for a new environment 
 
 need a distributional model for the EC: 
 

       lmxmxlxxlm LYYLx      
 
where  
 

lmx   = value of the EC in the l-th location in the m-th year  

x    = intercept 

    2,0~ Lxlx NL             = random main effect for the l-th location 

    2,0~ Yxmx NY             = random main effect for the m-th year 
      2,0~ LYxlmx NLY   = random location-year interaction for the l-th location  
                                            and m-th year
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A single regression term  
 

xi  
 
i = slope for i-th genotype 
x = value of EC 
 
Need plug-in value = expected value   for x: 
 
 i  

 

Uncertainty associated with the value of x  variance x  
 
Here: initially assume that both i and   are known 
 
 contribution to the prediction variance for the response is xi 2
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Four cases 
 
Case Target of prediction 
  
1 Long-term mean in the TPE§ 
2 A new year at the mean of the TPE§ 

3 Long-term mean at new location (farm) 

4 A new year at a new location (farm) 
 
§ TPE = target population of environments 
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Case 1: Long-term mean in the TPE 
 
 evaluate regression at unconditional expectation of the EC in the TPE: by 
 

  xxE    
 
The regression term is  
 

xi  
 
No uncertainty associated with the value we use for the EC: 
 

0x  
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Case 2: A new year at the mean of the TPE  
 
Ideally, we would want to replace x by the mean in the TPE in the new year m0:  
 

   00 0| mxxm YmxE    
 
Problem: EC may only be observed next year  
 
 need to use long-term mean   of x in the TPE: 
 

x   
 
 deviates from 

0m  by amount  0mxY  

 From historical data on EC, can estimate     
2

0
var YxmxY    

  
22

Yxix     
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Case 3: Long-term mean at a new location  
 
 
Long-term mean of the EC at location l0: 
 

   00 0| lxxl LlxE    
 
 
As we are estimating a long-term mean, we have  
 

0x  
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Case 4: A new location in a new year 
 
 
As in previous case, need to use long-term mean of EC at location l0 
 

   00 0| lxxl LlxE    
 
 value of the EC for future year unavailable when prediction needed  
 
 
However, this time  
 

    222
LYxYxix    



 

Working Seminar, Slupia Wielka, 11 September 2025                                                                                      Hans-Peter Piepho 
 

94 

Leave-one-environment-out cross-validation (CV) 
 
 
Common practice:  
 
 Leave out the lm-th environment for validation 
 Fit model to the remaining environments 
 The observed EC values for the left-out environment are plugged into the fitted 

model to obtain a prediction 
 
This implies:  
 

lmx  
 
 

But this is not a realistic scenario!  
 
The closest scenario is Case 4  use  
 

0l
   
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Example: Rice data from Bangladesh (BRRI) 
 
 Stability trials 
 Long-term data (1970 to 2020) 
 10 Locations 
 41 rice varieties in the winter season, 45 rice varieties in the monsoon season 
 RCBD with three replications at each trial 
 Leave-one-environment-out cross-validation & 

Leave-one-year-out cross-validation 
 47 weather and soil EC extracted from public databases (agERA5 and FAO)  
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Estimating the prediction variance  
 
The overall prediction variance associated with xi has two components: 
 
(i) Both i  and   in the product  i  need to be estimated 

(ii) 22
xix    

 
 
 
(i) Variance due to the estimation of  i   
 

          ˆvarˆvarˆvarˆvarˆˆvar 22
iiii              (Goodman, 1960) 
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The naïve plug-in estimator of 2
i  is biased 

 
         2222 ˆˆˆˆvar iiiii EEE     

 
 
 
   iiiE  ˆvarˆ 22   

 
 
 
Estimate 2

i  by  iii  ˆvarˆ~ 22   and 2  by   ˆvarˆ~ 22    
 
 
 

          ˆvarˆvarˆvarˆˆvarˆˆˆvar. 22
iiiiest   
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(ii) Estimation of 22
xix    

 
The naïve plug-in estimator 22 ˆˆˆ xix    is biased 
 
Bias may be reduced by using the estimator  
 

   22 ˆˆvarˆ~
xiix    

 
 
 
 
The overall prediction variance is obtained by adding the variances in (i) and (ii) 
 
 

 
Conjecture: the main problem is x  
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Extension to multiple EC and inclusion of intercept 
 
 
This is straightforward but will be omitted here 
 
Jointly consider intercept and all slopes: 
 

ii  
 

 
 

xx 
  

 
Overall prediction variance 
 

  Rx
T

i   
ˆˆvar

 
 

R  = variance of deviations from regression
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Contribution of the deviations from regression 
 
Residual terms uj and eij partitioned by year and location: 
 
 

 lmmllm LYYLu                                        ilmimililm LYYLe     
 
 
where L, Y and  denote the factors location, year and genotype 
 
 

 2,0~ Ll NL       2,0~ Lil NL   
 2,0~ Ym NY      2,0~ Yim NY   

   2,0~ LYlm NLY      2,0~ LYilm NLY   
 
A subset of these variances will contribute to the overall uncertainty 
The variance of this contribution will be denoted as R 
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Residual prediction variance R in the four cases 
 
Table 2: Explicit expressions R for the four scenarios (Case 1 to 4) 
 

 
 
 
 
 

Case Target of prediction R 
   
1 Long-term mean in TPE 0 
2 A new year in TPE 22

YY    
3 Long-term mean at farm 22

LL    
4 A new year at farm 222222

LYLYYYLL     
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Pairwise differences 
 
 
To compute x  for the pairwise difference of two genotypes i  and i , we replace 

i  with  
 

iiii         
 
 
In the variance R , we drop 2

L , 2
Y  and 2

LY , because the corresponding 
random effects drop out in the pairwise difference.  
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Hitchhiker’s Guide to the Galaxy 
 
 
. . . . . 
 
 
ARTHUR: Have you got an answer?  
 

FORD: No, but I’ve got a different name for the problem! 
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Finlay-Wilkinson regression 
 
 
 
 
 
 
 
 
 
 
 
 
          

    Environmental mean 

Yield 

Mean of all 
Genotypes  
(i = 1) 

Low input 
(i < 1) 

High input 
(i > 1) 
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Finlay-Wilkinson regression 
 

jiiij w     
 
ij = expected performance of the i-th genotype in the j-th environment  
 
i and i = intercept and slope for the i-th genotype  
  
wj = latent effect of the j-th environment 
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Estimation 
 
 
Balanced data: 
 
(1) jj yw ˆ  (Finlay & Wilkinson 1963) 

(2)  Singular value decomposition (SVD) of the matrix   iij yy  
     (Williams, 1952; Hardwick & Wood 1972; Yan & Kang 2003) 
 

 
Unbalanced data: 
 
(3)  Criss-cross regression (CCR) (Digby 1979; Gabriel & Zamir 1979) 
 
ij = i + iwj   (criss: fix wj)   ij = i + iwj  (cross: fix i & i) 
 
(4)  Non-linear least squares (Ng & Grunwald 1997; Ng & Williams 2001) 
(5)  Expectation-maximization (EM) algorithm (Gauch & Zobel 1990) 
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Extending F-W regression with covariates 
 
 
Regressing wj on p observable covariates xjk (k = 1, …, p), i.e., 
 

jppjjj xxxw   ....22110   
 
where 
 

 jppjjiiij xxx   ....22110   
 

(Li et al. 2018; Guo et al. 2021) 
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Reparameterized (and equivalent) model  
 
 

jiiij z      
 
where 
 

jppjjj xxxz   ....2211    
 
is a synthetic covariate 
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Estimation with balanced data 
 
Assume yij = ij + eij with eij ~ N(0, 2) 
 
(i) Consider the environmental averages: 
 

 jppjjj xxx    ....22110   
 
 multiple regression of observed environmental means jy  on the covariates 

provides estimates of slopes kk  
~

 for covariates  pkx jk ,...,1  and the 

intercept 0   . Without loss of generality, we may then use 
 

jppjjj xxxz  ~....~~
2211      

 
as our predictor for the environmental index. This approach does not yield a least 
squares fit. 
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Estimation with balanced data (cont'd) 
 

 
(ii)  Criss-cross regression (CCR) (Digby 1979; Gabriel & Zamir 1979) 
 
ij = i + iwj   (criss: fix wj)   ij = i + iwj  (cross: fix i & i) 
 

             with jppjjj xxxw   ....22110  
 

This method provides a least squares fit. 
 
(iii) Redundancy analysis (RA): Fit factorial regression (FR) 
 

jpipjijiiij xxx   ...2211   
 
and subsequently subject the matrix of fitted terms  jpipjiji xxx  ˆ...ˆˆ 2211   
to an SVD. The first term of this decomposition provides the least squares fit for 

ji z . (Hardwick & Wood 1972; Wood 1976; Davies & Tso 1982; van Eeuwijk et al. 1992) 
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Estimation with balanced data (cont'd) 
 
 
(iv) Estimate 
 

jppjjj xxxz   ....2211  
 
using the first factor extracted by partial least squares (PLS; Aastveit & Martens 
1986), regarding the genotypic responses in an environment as a single 
multivariate response. 
 
 
(v) Fit  
 

jiiij z    
 
by nonlinear least squares (Ng & Grunwald 1997; Ng & Williams 2001).  
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Estimation with unbalanced data 
 
 

(ii) Criss-cross regression (CCR) (Digby 1979; Gabriel & Zamir 1979) 
 
ij = i + iwj   (criss: fix wj)   ij = i + iwj  (cross: fix i & i) 
 

             with jppjjj xxxw   ....22110  
 
 

 
(iii) Redundancy analysis (RA): Fit factorial regression (FR) 
 

jpipjijiiij xxx   ...2211   
 
and subsequently subject the matrix of fitted terms  jpipjiji xxx  ˆ...ˆˆ 2211 

 
to an SVD, including those for empty cells. The first term of this decomposition 
provides the least squares fit for ji z . 
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Estimation with unbalanced data (cont'd) 
 
 

 (iv) EM-method to obtain PLS-estimate of 
 

jppjjj xxxz   ....2211  
 

Nelson et al. (1996) 
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More than one synthetic environmental covariate 
 

The model may be extended as 
 

jqiqjiiij zz   ....11  
 
where  
 

jqj zz ,....,1  = q synthetic environmental covariates  

iqi  ,....,1  = q genotype-specific slopes 
 
and 
 

jpphjhjhjh xxxz   ....2211     qh ,...,1   
 
 

 Estimation by the same methods as for q = 1  
 Estimability constraints need to be imposed  
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Random-effects extensions of the model 
 
 
Environments are a random factor throughout (see above) 
 
 
Genotypes are fixed or random, depending on objectives: 
 
- Using markers/kinship in GBLUP require random effects 

- many genotypes make random effects convenient 

- subdivided TPE require random effects to borrow strength across zones 

 
 



 

Working Seminar, Slupia Wielka, 11 September 2025                                                                                      Hans-Peter Piepho 
 

123 

All parameters in ij are fixed 
 
 
 genotypes fixed 
 
 

ijjijij euy    
 
where  
 

ju  = random environment main effect with variance 2
u  

ije  = random with stability variance  
2

ie  for the i-th genotype  
 

(Eberhart & Russell 1966; Shukla 1972) 
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Estimation with random effects 
 
 
(ii) CCR is easily extended in a mixed model framework. In the criss-step, 
estimating i  and ih  qhni ,...,1;,...,1  , we fix the variance parameters at 
their current estimates because this usually has more parameters to be estimated 
as fixed effects than the cross-step. These variance parameters are re-estimated 
in the cross-step, estimating hk   qhpk ,...,1;,...,1  , using REML.  

(Nabugoomu et al. 1999; Macholdt et al. 2022)  
 
 
(iii) Redundancy analysis (RA): Fit FR model under our assumed random-effects 
specification using REML. From the fitted model we obtain the matrix of fitted 
terms  jpipjiji xxx  ˆ...ˆˆ 2211   of all cells, including ones with missing data. 
This matrix is subjected to an SVD.  
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Estimation with random effects (cont'd) 
 
 
(v) Fit model directly using full maximum likelihood (ML) [e.g., using NLMIXED in  
     SAS]  nonlinear least squares in fixed effects case 
 
Note that we can not use REML because the model is non-linear in the 
parameters and hence the fixed effects cannot be removed by linear contrasts as 
in REML. Full ML does not account for the degrees of freedom and hence leads to 
more biased variance parameter estimates than REML with linear mixed models. 
These problems are expected to carry over to our nonlinear mixed model. There is 
no REML equivalent because the model is intrinsically nonlinear. The important 
consequence is that in order to avoid the bias issues with full ML, we need to 
resort to approximate methods such as (ii) to (iv) that make use of REML. 
 

(Piepho 1999) 
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Some or all genotypic parameters in ij are random 
 
Not as straightforward as it may seem! 
 
 Assume one synthetic covariate 
 Take both the intercept i  and the slope i  to be random 
 

ii a   with   0iaE  and    iaia  varvar 2  .  

ii b   with   0ibE  and    ibib  varvar 2  .  
 

jijiij zbza      
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Some or all genotypic parameters in ij are random 
 
 

jijiij zbza      
 
The main challenge: zj (involves parameters!) now appears both in the fixed-
effects term jz  and the random effects term ji zb .  
 
We cannot assume 0  without loss of generality, because there is no fixed 
environmental main effect in that would absorb this term. 
 
Also, jz  is a multiplicative regression term that may be worth fitting explicitly. 
 
Furthermore, to ensure invariance to shift-scale transformations of the observable 
covariates, we need to allow for a covariance between intercept and slope, i.e., 

  abii ba ,cov .  (Piepho 1999)
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Estimation with random genotypic effects 
 
 
(1) A stage-wise approach by which we first model all parameters as fixed, using 
either of the methods (ii) to (iv) to estimate zj. This is then held fixed, using REML 
to fit  , ia , 2

a ,  , ib , and 2
b .  

 
 
(2) CCR (Nabugoomu et al. 1999). 
 
 
(3) A new factor-analytic (FA) model (next slides) (Piepho & Blancon 2023) 
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A new factor-analytic (FA) approach 
 
 
Model ai as fixed, while slopes bi are random (Piepho & Ogutu 2002). 
 
Add a fixed environmental main effect j  that absorbs jz .  
 
Hence, the only random effect in ij  is the slope bi, and the model can be written 
as 
 

jijiij zb    
 
with   0ibE  and    ibib  varvar 2  . 
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A new factor-analytic (FA) approach 
 
 
Can easily extend to several synthetic environmental covariates: 
 

jqiqjijiij zbzb  ...11   
 
 
Re-write the random terms  
 

i
T
j bz jqiqji zbzb ...11   

 
where  Tjqjj zzz ,...,, 21jz  and  Tiqii bbb ,...,, 21ib .  
 
 
 This model can be cast as a random-coefficient FR model for the observed 
covariates, in which a factor-analytic (FA) variance-covariance structure is 
assumed for the random regression coefficients.  
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Let  Tjpjj xxx ,...,, 21jx , so that h
T
jx jhz  with  Tphhh  ,...,, 21h .  

 
 
Consider a random coefficient regression of the form 
 

i
T
j cx jiij    

 
where  Tipii ccc ,...,, 21ic  with   0icE  and   cic var  (Longford 1995).  
 
Next, approximate c  by  
 

T
c           [FA0(q) in SAS] 

 
where  kh  is a qp  matrix of factor loadings. 
 

(Buntaran et al. 2021; Tolhurst et al. 2022) 
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Now the key step 
 

ii vc   
 
where  Tiqii vvv ,...,, 21iv  with   0ivE  and   qi Iv var . 
 
 i

T
ji

T
ji

T
j vzvxcx    

 
 j

T
j xz   

 
 
Practical upshot:  
 
Simply fit random regression on xj with a FA0(q) structure T

c    for ci, 
extract the estimate of   and use this to compute the q synthetic covariates zj. 
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Example for random effects modelling 
 
 

 8 lettuce genotypes 

 Randomized complete block design 

 Nitrate concentrations (g/l) measured at 18 time points = environments 

 8 environmental covariates assessed at each time point 
 

(van Eeuwijk 1992)
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Example for random effects modelling 
 

 
(van Eeuwijk 1992) 
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Example for random effects modelling 
 

 
(van Eeuwijk 1992) 
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Table 1: Model selection of covariance structure for lettuce data using fixed 
effects ji   . 
 
Model Random 

effects§ 
Structure 
for 
random 
effects 

Residual 
error 
structure 

Residual 
log-
likelihood 

AIC 

M1 - - ID  52.2  54.2 
M2 - - AR(1)    4.4    8.4 
M3 

i
T
j cx  

FA0(1) AR(1) -36.2 -16.2 

M4 
i

T
j cx  

FA0(2) AR(1) -52.0 -18.0 

 
§ The covariates were standardized to zero mean and unit variance. 
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Table 2: REML estimate of variance parameters in Model M3 of Table 1 (q = 1) 
for lettuce data. 
 
Parameter Estimate S.E. 
1 0.009574   0.02459 
2 -0.06102   0.06146 
3   0.2711    0.1355 
4  -0.2763    0.1173 
5  0.07636   0.07623 
6  0.01464   0.03586 
7  0.09994   0.06392 
8  0.07464   0.04965 
   0.3999    0.1128 
2  0.02897 0.005395 
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Table 3: Wald-type F-tests for regression with synthetic variable z obtained from 
FA0(1) model. Lettuce data. 
 
Effect Numerator 

d.f. 
Denominator 
d.f. 

F-value p-value 

Genotype 7  15.5 166.45 <.0001 
z 1  16.7     8.10 0.0113 
Genotype 
 z    

7  42.3   12.58 <.0001 
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Summary 
 
 Finlay-Wilkinson regression still very popular 

 Can take this as a starting point for incorporating environmental covariates 

 Modelling risk / stability / resilience requires random environments 

 Accounting for experimental design and structure of environments requires 

random effects 

 need mixed model 

 Several approximate method of estimation available 

 CCR and FA approach look promising 

 Large number of covariates  PLS 

 Empirical comparison needed in future, also with contenders such as ML 
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Another example with synthetic covariates 
 

 Sorghum, Ethiopia                                             (Tadese et al. 2024) 
 6 locations 
 One year 
 Use PLS to derive synthetic covariates 
 Genotypes modelled as random 
 Pedigree information available 
 Leave-one-location-out cross-validation 
 
 

    
 1

1 1
2





    

IJI

zzyy
MSEPD

J

j

I

i

I

ih hjijhjij

 

_ 
yij = observed yield of i-th variety in j-th location 
 
zij = predicted yield of i-th variety in j-th location 
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Models 
 
a = intercepts of I genotypes 
b = slopes of I genotypes 
 
I = identity matrix 
A = pedigree matrix     
G = 2  2 unstructured matrix 
 

 2,0~ aINa     M1, M5, M9 
 2,0~ aANa     M2, M6, M10 

 IGN
b
a









,0~

  M3, M6, M11 

 AGN
b
a









,0~

  M4, M8, M2 
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